We consider a Sobolev inner product such as
Introduction
We consider the Sobolev inner product (f; g) S = f(x)g(x) d 0 (x) + f (x)g (x) d 1 (x); ¿0;
where i , i = 1; 2 are positive Borel measures with support I i ⊆ R, respectively. Denote for Q n (x) = 2 n x n + · · ·, those polynomials that are orthogonal with respect to (2) . The Sobolev orthogonal polynomials were introduced in [4] in connection with the least-squares simultaneous approximation of a function and its derivatives. In the early 1990s, Iserles et al. introduced in [3] the fruitful concept of coherent pair of measures and, for symmetric measures, symmetrically coherent pair. Later, Meijer gave in [6] a complete classiÿcation of all coherent pairs and symmetrically coherent pairs. In particular, it was established that at least one of the measures in each coherent pair has to be classic (i.e., Jacobi, Laguerre o Hermite). Thus, if one of the measures corresponds to Hermite weight function, e −x 2 d x on R, there are only two possibilities (see [6] ): , have been obtained in [2] . Also, in the aforementioned paper, the accumulation sets of the zeros of Q n before and after an appropriate scaling of the plane are obtained.
On the other hand, we think that the Mehler-Heine-type formulas for Sobolev orthogonal polynomials are interesting, both analytically and numerically, since they are the natural way to establish a limit relation between these orthogonal polynomials and the well-known Bessel function J k (x) deÿned as (see e.g. [7, p. 15] ):
In this sense, a Mehler-Heine-type formula for the so-called non-diagonal Laguerre-Sobolev orthogonal polynomials has been obtained in [5] . Here, we look for a Mehler-Heine-type formula for the orthogonal polynomials Q n . Thus, in the Case I, we give a limit relation between the appropriately scaled Hermite-Sobolev polynomials Q n and the elementary trigonometric functions sin(x) and cos(x) (these function can be expressed, see [7, f.(1.71.2), p. 15], in terms of J 1=2 (x) and J −1=2 (x), respectively). This result allows us to know the asymptotic behavior of Q n (and of its derivatives) in the neighborhood of 0. As a consequence of this, we obtain an asymptotic property of the zeros and critical points of Q n , supported by some numerical examples in Section 4. Also, we discuss some problems of Case II and, in Section 4 a conjecture about the small zeros of Q n is done in this case, supported by numerical examples. Finally, in Section 3, we give an upper bound for |Q n | on R, analogous to that for Hermite polynomials.
The notation that we use in this work: H n denotes the Hermite polynomial orthogonal with respect to the inner product
with the normalization H n (x) = 2 n x n + · · · and Q n are chosen with the same leading coe cient. Finally, we also denote
On the other hand, in order to obtain Theorem 1, we use the well-known Mehler-Heine-type formula for Hermite polynomials, that is, for j ÿxed (see, for example, [1, p. 346] or, [7, p. 193 ] using the relation between Hermite and Laguerre polynomials) we have:
both uniformly on compact subsets of C.
Mehler-Heine-type formula
First, we consider the Case I and so we have the inner product
In this situation we get:
The following Mehler-Heine-type formulas for the polynomials Q n (x) = 2 n x n + · · · orthogonal with respect to (5) hold:
Proof. The polynomials H n and Q n satisfy the relation (see; for example; [2; Lemma 2.1]):
H n = Q n + a n−2 Q n−2 ; n¿ 0;
where a n−2 = k n =(4k n−2 ); n ¿ 2; and a −1 = a −2 = 0. Applying (6) in a recursive way; we obtain (7) we can write
where
; and the assumption
On the other hand; in [2; Lemma 2.2] it was established that the sequence {a n =(2(n + 2))} is uniformly bounded by r:=1=(1 + 2 ) ¡ 1 and lim n→∞ a n 2(n + 2)
Thus; using the bound for {a n =(2(n + 2))}; we obtain; for i = 0; : : : n; that |c
| 6 r i . Now; if x belongs to a compact subset of C; using (3); we have for n large enough and 0 6 i 6 n;
where M is a constant and; therefore;
Then; taking into account (3) and (9); we have; for every ÿxed non-negative integer i;
Finally; from (10) to (11) and using Lebesgue's dominated convergence theorem; we have
If m is odd using relation (4); we can proceed as the even case.
From this theorem we can obtain additional information about zeros of Q n . We know that these zeros accumulate in R when n → ∞. Now, we have Corollary 1. Let x n; i be the zeros of Q n . Then
Proof. Since we have uniform convergence in the result obtained in Theorem 1, we can get asymptotic results for the derivatives of Q n . In particular, we have
both uniformly on compact subsets of C. Thus, we have asymptotic information about the critical points y n; i of Q n , that is,
Now, we turn to Case II, that is, we consider the Sobolev inner product
and let Q n be the orthogonal polynomials with respect to (12). We get the following result: Proposition 1. It holds;
uniformly on compact subsets of C.
Proof. We know a relation between these Sobolev orthogonal polynomials and Hermite polynomials (see [2; Lemma 2.5])
where n are non-zero constants. We also know (see Thus; using (3) - (4); we can establish that
uniformly on compact subsets of C. Therefore, taking into account Lemma 2.6 in [2] , that is, the sequence {ã n =(2(n+2))} is uniformly bounded by (1 + a 2 )=(1 + a 2 + 2 ) and
and using (14), it only remains to proceed as in Theorem 1 in order to obtain the result.
Remark. The result of Proposition 1 corresponds well with Theorem 2.7 in [2] where it was established that
uniformly on compact subsets of C\R. We think that to improve the result of Proposition 1; it would be necessary to obtain an adequate Mehler-Heine-type formula for the polynomials R n (x)=2 n x n +· · · which are in some sense very close to the orthogonal polynomials associated with the measure d 1 = (e −x 2 =(x 2 + a 2 )) d x. Obviously; it is not possible to obtain any asymptotic information about the zeros of Q n from Proposition 1. In Section 4 a conjecture about the zeros of Q n is done; supported by numerical experiments.
Upper bound for |Q n |
We give an upper bound for |Q n | on R, analogous to that for the Hermite polynomials.
Proposition 2. It holds;
(a) In Case I;
1 − r ; x∈ R;
1 − s ; x∈ R; a = 0; where k 1:086435; r = 1=(1 + 2 ); s = (1 + a 2 )=(1 + a 2 + 2 ); n!! denotes the double-factorial of n; that is; n!! =
Proof. (a) From (7); we have
Now; using the relation |H n (x)|=(2 n=2 √ n!) ¡ ke 
It only remains to use n!!=(n − 1)!! √ n! = n!! (b) Indeed, relation (13) can be rewritten as R n (x) = Q n +ã n−2 Q n−2 ; n¿ 0; (15) 
On the other hand,
where (see [2, f.(2.12)])
being T n the orthogonal polynomials with respect to the inner product (f;
) d x and with the same leading coe cient as H n . We know (see [2, 
then n+1 ¡ 4(n + a 2 ) + 2 for n ¿ 2. Thus, for n ¿ 5,
Since R 4 (x) = H 4 (x) + 2 2 H 2 (x) and R 3 (x) = H 3 (x) + 3 1 H 1 (x), and straightforward computations show that 1 ¡ 2 and 2 ¡ 4, we have that, for n ¿ 0, it holds
Now, in order to obtain the result, we can proceed exactly as in (a) taking into account that (see [2, Lemma 2.6]):
Numerical examples and remarks
We illustrate Corollary 1 with two numerical examples. We compare the limit values (2i − 1) =2 and i , where i=1; 2; 3; 4, with the ÿrst four positive real zeros of Q 2n and Q 2n+1 rescaled by the factor 2 √ n, respectively, for n = 25; 50; 75; 100. Note that Q n are symmetric, that is, Q n (−x) = (−1) n Q n (x). In order to obtain the numerical results, we use relation (6) and the recurrence relation for the coe cients a n in (6) given by (see [2, f.(2. 3)]): a n = 4(n + 1)(n + 2) 2(2(2 + 1)n + 1 + 2a 2 ) − a n−2
; n¿ 2 with a 0 = 4 1 + 2a 2 ; a 1 = 12 3 + 2a 2 + 4 :
First example: a = 0 and = 1. a n = ((n + 2)=n)k n n k n + n 2 k n−2 ( n−2 =(n − 2)) 2 + 16 n 2 k n−3 n−2 − nk n−2 ( n−2 =(n − 2))ã n−2 ; n¿ 3:
We denote by x n; i and t n; i the positive zeros of Q n and T n , respectively. Note that, as in the proof of (b) in Proposition 2, T n are the orthogonal polynomials associated to the measure d 1 = (e −x 2 =(x 2 + a 2 )) d x, a ∈ R\{0}, with the same leading coe cient as H n (x), Q n (−x)=(−1) n Q n (x) and T n (−x) = (−1) n T n (x). We have done several numerical experiments. Here, we show one of them where we have chosen a = 1:5 and = 2, obtaining then, the following results: Conjecture. After these experiments, we conjecture that the zeros of Q n are in some sense close to those of T n .
